Abstract: Let X be an infinite-dimensional real reflexive Banach space such that X and its dual X * are locally uniformly convex. Suppose that T : X ⊃ D(T ) → 2 X * is a maximal monotone multi-valued operator and
Introduction and preliminaries
Let X be a real reflexive Banach space with dual space X * . We consider the eigenvalue problem of the type 0 ∈ T + λC (E)
where
is a maximal monotone multi-valued operator and C : X ⊃ D(C ) → X * is a quasibounded single-valued operator. The study goes back to Krasnoselskii [12] , where T is the identity operator I. When the resolvents of T or C are compact, the above problem was studied in [5-7, 10, 13] , by applying the Leray-Schauder degree theory for compact operators. When C is a compact operator, Guan and Kartsatos [5] solved the above problem under the boundary condition C ≥ α for all ∈ ∂Ω, where Ω is a bounded open set in X and α is a fixed positive number, by verifying that the Leray-Schauder degree of the associated operator I − C is zero. Actually, the idea comes from Fitzpatrick and Petryshyn [4] for A-proper operators. Moreover, we will see in Section 3 that these considerations can be developed in the generalized pseudomonotone operator case.
In the present paper, the purpose is to study the solvability of the above nonlinear eigenvalue problem, where C is assumed to be generalized pseudomonotone and densely defined. To this end, we use the degree theory of Kartsatos and Skrypnik [9] for densely defined quasibounded ( S + )-perturbations of maximal monotone multi-valued operators in Banach spaces. Kartsatos and Skrypnik [10] considered the above problem under the assumption that C satisfies condition ( S + ). In addition, we assume that the following property (P) is fulfilled: For ε > 0, there exists a λ > 0 such that the inclusion 0 ∈ T + λC + εJ ψ has no solution in D(T ) ∩ D(C ) ∩ Ω, where J ψ is a duality operator with gauge function ψ; see [10, 13] . This property is closely related to the use of degree theory when finding eigenvectors on the boundary of Ω. The method of regularization by the duality operator is often used in the study of eigenvalue theory, while eigenvalue problem may be solved directly by a transformed equation in terms of the Brezis-Crandall-Pazy approximant [1] , as in [6, 11] . Furthermore, we investigate the surjectivity of the operator λT + C , provided that λ is not an eigenvalue for the pair (T C ) and the single-valued operators T and C are positively homogeneous of degree γ ≥ 1. This paper is organized as follows. In Section 2, we apply the Kartsatos-Skrypnik degree to establish the existence of an eigensolution to the problem (E). In Section 3, we investigate possible branches of eigensolutions to the nonlinear problem. Sufficient conditions for property (P) to be fulfilled are given under which a simple proof is possible by using the main result of Section 2. In Section 4, we present a surjectivity result as a variant of a Fredholm alternative result, again with the aid of the Kartsatos-Skrypnik degree.
Let X be a real Banach space with its dual X * . Given a nonempty set Ω in X , let Ω and ∂Ω denote the closure and the boundary of Ω in X , respectively. The closure of Ω is sometimes denoted by cl Ω. Let B (0) denote the open ball in X of radius > 0 centered at the origin 0 ∈ X . The symbol → ( ) stands for strong (weak) convergence.
where D(T ) = { ∈ X : T = ∅} denotes the effective domain of T . An operator T is said to be maximal monotone if it is monotone and it follows from ( Throughout this paper, X will always be an infinite-dimensional real reflexive Banach space which has been renormed so that X and its dual X * are locally uniformly convex.
is called a duality operator with gauge function ψ if
When ψ is the identity map, J = J I is called a normalized duality operator. It is known from [14] that J ψ is continuous, bounded, surjective, strictly monotone, maximal monotone and satisfies condition (S + ).
We say that an operator C : X → X * We will need a useful demiclosedness property of maximal monotone operators given in [15] . 
The existence of an eigensolution
In this section, we study the solvability of nonlinear eigenvalue problem for pseudomonotone perturbations of maximal monotone multi-valued operators in real reflexive Banach spaces, with a regularization method by means of the duality operator. We prove the main result on the existence of an eigensolution to the nonlinear inclusion, by using the degree theory of Kartsatos and Skrypnik for densely defined quasibounded ( S + )-perturbations of maximal monotone operators, introduced in [9] . 
Proof. (a) Suppose that the conclusion of (a) is not true. Then for every λ ∈ (0 Λ], the following holds:
We first consider a homotopy H 1 given by Hence it follows from the first inequality in (3) that
2 ) is satisfied in both cases.
It is obvious because (F ) in the notation of (c 3 ) is continuous on F and J ψ is continuous on X .
We can now apply the Kartsatos-Skrypnik degree introduced in [9] . The homotopy invariance property of the degree [9, Theorem 4.3] implies that
for all λ ∈ [0 Λ]. Next, we consider another homotopy H 2 given by
0 ) for all ∈ ∂Ω, and J ψ is bounded, continuous, satisfies condition (S + ) and belongs to Γ φ . Using [9, Theorem 4.4 (iii)], we have
Combining (5) and (6), we obtain
The last equality follows from [2, Theorem 3], based on the fact that εJ ψ is continuous, bounded, strictly monotone and satisfies (S + ). Therefore, for every λ ∈ (0 Λ], the inclusion
∩ Ω, which contradicts property (P). We conclude that statement (a) is true. 
Then it follows from the monotonicity of T with 0 ∈ T (0) that
Hence (c 1 ) implies that {C } is bounded. Without loss of generality, we may suppose that
Since T satisfies (S ) on D(T ) ∩ ∂Ω, we obtain that → 0 ∈ ∂Ω and therefore 0 ∈ D(T ) and 0 ∈ T 0 , which contradicts the hypothesis that 0 / ∈ T (D(T ) ∩ ∂Ω).
For the next aim, we will first show that lim sup
Assume the contrary. Then there exists a subsequence of { }, denoted again by { }, such that
Hence we obtain from (7) that lim sup
Noticing by (7) and (8) 
By the maximal monotonicity of T , we have 0 ∈ D(T ) and −λ 0 * ∈ T 0 . Letting = 0 in (11), we get a contradiction. Therefore, (9) holds.
Since {C } is bounded and λ → λ 0 , it follows from (9) and
Since C is generalized pseudomonotone, we have by ( Remark 2.2.
1. When C is generalized pseudomonotone, condition (S 0 ) in Theorem 2.1 is needed for ensuring strong convergence in a given weakly convergent sequence. 
Remark 2.4.
When C satisfies ( S + ), condition (S 0 ) in Theorem 2.1 may be replaced by weaker condition (S ), provided that the identity * + λ C + (1/ )J ψ = 0 holds for large , as shown in the proof of Theorem 2.3.
Branches of eigensolutions
In this section, we will find possible branches of solutions for the nonlinear eigenvalue problem by using the main result of the previous section. Under a sufficient condition like (12) below for property (P) in Theorem 2.1 to be fulfilled, we show that the nonlinear inclusion has infinitely many eigensolutions. It was considered in [10] with C satisfying ( S + ).
Theorem 3.1.
Let L be a dense subspace of X . Suppose that T : D(T ) → 2 X * is a multi-valued operator and C : D(C ) → X * is a single-valued operator with L ⊂ D(C ) satisfying (c 1 )-(c 3 ) and such that (t 1 ) T is maximal monotone with 0 ∈ D(T ) and 0 ∈ T (0), (t 2 ) 0 ∈ T implies = 0, and (t 3 ) T satisfies (S 0 ) on D(T ).
Furthermore, suppose that given a positive number Λ, there exist numbers λ ∈ (0 Λ] and α ∈ (0 ∞) such that
Then the inclusion 0 ∈ T + λC has a branch of eigensolutions with infinite length.
Proof. Let > 0 be arbitrary but fixed. Choose a positive number ε 0 so small that ε 0 < α. For every ε ∈ (0 ε 0 ], we have by (12) We give another result on generalized pseudomonotone perturbations, more general than [10, Theorem 8] . In comparison with [10] , our proof based on Theorem 2.1 is much simpler, without using the degree theory of Kartsatos and Skrypnik.
Theorem 3.2.

Suppose that T : D(T ) = X → 2
X * is bounded and satisfies ( 
where * ∈ T . Since C is quasibounded and
we see that {C } is bounded. Notice by the boundedness of T that {λ } is also bounded. Without loss of generality, we may suppose that λ → λ 0 0 and C * (15) It follows that λ 0 = 0, that is, λ 0 ∈ (0 ∞). Indeed, if λ 0 = 0, then it follows from (14), (t 3 ) and (t 1 ) that * → 0 and hence → 0 ∈ ∂B (0), so 0 ∈ T 0 , which contradicts (t 2 ). As in the proof of Theorem 2.1, we can deduce that lim sup
Since C is generalized pseudomonotone, we obtain from (15) and (16) We close this section with an extension of [10, Theorem 9] , using the homotopy property of the Kartsatos-Skrypnik degree.
Theorem 3.3.
Suppose that T : D(T ) = X → 2 X * is a bounded multi-valued operator satisfying (t 1 )-(t 3 ) and C : D(C ) → X * is a bounded single-valued operator satisfying (c 2 ) and (c 3 ) with L ⊂ D(C ), where L is a dense subspace of X . Suppose further that there exists a positive number
0 such that
and for each ≥ 0 ,
Proof. Let ≥ 0 be arbitrary but fixed. In view of (18), we can choose an element
We first claim that for each fixed ε > 0, there exists a positive number Λ = Λ(ε) such that for any η > 0 the inclusion 
Remark 3.4.
In the proof of Theorem 3.3, we have seen that (T + ΛC + εJ B (0) 0) = 0 plays a decisive role in finding an eigensolution of the given problem. The idea goes back to Fitzpatrick and Petryshyn [4] for A-proper operators and Guan and Kartsatos [5] for compact operators.
Surjectivity
In this section, we give a surjectivity result about the operator λT +C whenever λ is not an eigenvalue for the pair (T C ). For this, the method is to use the degree theory of Kartsatos and Skrypnik for densely defined perturbations as in Sections 2 and 3. We present a variant of a Fredholm alternative result given in [10] , based on the degree theory for densely defined (S + )-perturbations introduced in [9] . The difference between Theorem 4.1 below and [10, Theorem 5] is that the latter uses another degree theory for densely defined operators, involving operators of type (S + ), developed in [8] . where the last equality follows from some fundamental properties of the duality operator J γ . Applying (29) with ε = 1/ , there exists a sequence { } in L such that
We first show that { } is bounded. Indeed, assume that there is a subsequence of { }, denoted by { }, such that → ∞. Dividing both sides of equation (30) It is known from [3] that λT + C is generalized pseudomonotone, under conditions ( Proof. Note that if C satisfies ( S + ), then it is generalized pseudomonotone. In this case, we may follow the basic lines of the proof of Theorem 4.1. However, this proof is much simpler because strong convergence of a given weakly convergent sequence is guaranteed under ( S + ).
